The continuous-time quantum walk on the underlying graphs of association schemes have been studied, via the algebraic combinatorics structures of association schemes, namely semi-simple modules of their Bose-Mesner and (reference state dependent) Terwilliger algebras. By choosing the (walk)starting site as a reference state, the Terwilliger algebra connected with this choice turns the graph into the metric space with a distance function, hence stratifies the graph into a (d+1) disjoint union of strata (associate classes), where the amplitudes of observing the continuous-time quantum walk on all sites belonging to a given stratum are the same. Using the similarity of all vertices of underlying graph of an association scheme, it is shown that the transition probabilities between the vertices depend only on the distance between the vertices (kind of relations or association classes). Hence for a continuous-time quantum walk over a graph associated with a given scheme with diameter d, we have exactly (d + 1) different transition probabilities (i.e., the number of strata or number of distinct eigenvalues of adjacency matrix).
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In graphs of association schemes with known spectrum, namely with relevant BoseMesner algebras of known eigenvalues and eigenstates, the transition amplitudes and average probabilities are given in terms of dual eigenvalues of association schemes. As most of association schemes arise from finite groups, hence the continuous-time walk on generic group association schemes with real and complex representations have been studied in great details, where the transition amplitudes are given in terms of characters of groups. Further investigated examples are the walk on graphs of association schemes of symmetric S n , Dihedral D 2m and cyclic groups.
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Introduction
Random walks on graphs are the bases of a number of classical algorithms. Examples include 2-SAT (satisfiability for certain types of Boolean formulas), graph connectivity, and finding satisfying assignments for Boolean formulas. It is this success of random walks that motivated the study of their quantum analogs in order to explore whether they might extend the set of quantum algorithms. This has led to a number of studies. Quantum walks on the line were examined by Nayak and Vishwanath [2] , and on the cycle by Aharonov et al. [3] . The latter has also considered a number of properties of quantum walks on general graphs [1] . Two distinct types of quantum walks have been identified: for the continuous-time quantum walk a time independent Hamiltonian governs a continuous evolution of a single particle in a Hilbert space spanned by the vertices of a graph [1, 3, 4, 5] , while the discrete-time quantum walk requires a quantum coin as an additional degree of freedom in order to allow for a discrete-time unitary evolution in the space of the nodes of a graph. The connection between both types of quantum walks is not clear up to now, but in both cases different topologies of the underlying graph have been studied (see, for example, [2, 6, 7, 8, 9, 10] ).
Different behavior of the quantum walk as compared to the classical random walk have been reported under various circumstances. For instance, a very promising feature of a quantum walk on a hypercube, namely an exponentially faster hitting time as compared to a classical random walk, has been presently found (numerically) by Yamasaki et al. [11] and (analytically) by Kempe [12] . Indeed, first quantum algorithms based on quantum walks which offer an (exponential) speedup over their optimal classical counterpart have been reported in Refs. [13, 14] .
On the other hand, the theory of association schemes has its origin in the design of statistical experiments. The motivation came from the investigation of special kinds of partitions of the cartesian square of a set for the construction of partially balanced block designs. In this continuous-time Quantum walk context association schemes were introduced by R. C. Bose and K. R. Nair. Although the concept of an association scheme was introduced by Bose and Nair, the term itself was first coined by R. C. Bose and T. Shimamoto in [15] . In 1973, through the work of P. Delsarte [16] certain association schemes were shown to play a central role in the study of error correcting codes. This connection of association schemes to algebraic codes, strongly regular graphs, distance regular graphs, design theory etc., further intensified their study. Association schemes have since then become the fundamental, perhaps the most important objects in algebraic combinatorics. To this regard association schemes have for some time been studied by various people under such names as centralizer algebras, coherent configurations, Schur rings etc. Correspondingly, there are many different approaches to the study of association schemes.
A further step in the study of association schemes was their algebraization. This formulation was done by R. C. Bose and D. M. Mesner who introduced to each association scheme a matrix algebra generated by the adjacency matrices of the association scheme. This matrix algebra came to be known as the adjacency algebra of the association scheme or the Bose-Mesner algebra, after the names of the people who introduced them. The other formulation was done by P. Terwilliger, known as the Terwilliger algebra. This algebra is a finite-dimensional, semisimple and is non-commutative in general. The Terwilliger algebra has been used to study P -and Q-polynomial schemes [17] , group schemes [18, 19] , and Doob schemes [20] .
Here in this paper, we study continuous-time quantum walk on the underlying graphs arising from association schemes, by using their algebraic combinatorics structures, namely semi-simple modules of their Bose-Mesner and (reference state dependent) Terwilliger algebras.
By choosing the (walk)starting site as a reference state, the Terwilliger algebra connected with this choice turns the graph into the metric space with a distance function, and hence stratifies, the graph into a (d+1) disjoint union of strata (associate classes), where the amplitudes of observing the continuous-time quantum walk on all sites belonging to a given stratum are the same. Since all vertices of underlying graph of an association scheme are similar or they have continuous-time Quantum walk a constant measure of similarity, therefore the transition probabilities between the vertices depend only on the distance between the vertices (kind of relations or association classes).
Hence for a continuous-time quantum walk over a graph associated with a given scheme with diameter d, we have exactly (d + 1) different transition probabilities (i.e., the number of strata or number of distinct eigenvalues of adjacency matrix).
In graphs of association schemes with known spectrum, namely with relevant Bose-Mesner algebras of known eigenvalues and eigenstates, the transition amplitudes and average probabilities are given in terms of dual eigenvalues of association schemes. As most of association schemes arise from finite groups, hence we have studied in great details continuous-time walk on generic group association schemes with real and complex representations, where the transition amplitudes are given in terms of characters of groups. Further more, as examples, we have investigated walk on graphs of association schemes of symmetric S n , Dihedral D 2m and cyclic groups.
Also following Ref. [1] , we have presented the spectral distribution connected to the highest irreducible representation of Terwilliger algebras of some rather important graphs, namely distance regular ones (since the Hilbert space of walk consists of irreducible module of Terwilliger algebra with maximal dimension). Then using the spectral distribution, we have evaluated the amplitudes of continuous-time quantum walk distance regular graphs such as cycle graph C n and Johnson, and strongly regular graphs such as Petersen graphs and normal subgroup graphs. Likewise, using the method of spectral distribution, we have evaluated the amplitudes of continuous-time quantum walk on symmetric product of trivial association schemes such as Hamming graphs, where their amplitudes are proportional to the product of amplitudes of constituent sub-graphs, and walk does not generate any entanglement between constituent sub-graphs.
The organization of this paper is as follows. In section 2, we give a brief outline of association schemes, Bose-Mesner and Terwilliger algebras and stratification. Section 3 is devoted to studying continuous-time quantum walk on graphs with known spectrum. In section 4, we review continuous-time quantum walk on group association scheme. In section 5, following
Ref. [1, 22] , we investigate continuous-time quantum walk on distance regular graphs via spectral distribution µ of the adjacency matrix A. In section 6, we calculate the amplitudes for continuous-time quantum walk on some graphs by using the prescription of sections 3, 4, 5.
The paper is ended with a brief conclusion and three appendices, where the first appendix consists of studying the method of symmetrization of non-symmetric group schemes, the second appendix contains the proof of the lemma regarding the equality of the amplitudes associated with the vertices belonging to the same stratum , and the third appendix contains the list of some of the finite distance regular graphs with their corresponding spectral distributions, respectively.
2 Association scheme, Bose-Mesner algebra, Terwilliger algebra and its modules
In this section we give a brief outline of some of the main features of association scheme, such as adjacency matrices, Bose-Mesner algebra and Terwilliger algebra. At the end by choosing the (walk)starting site as a reference state we stratify the underlying graphs of association schemes via the relevant Terwilliger algebra connected with this choice.
Association schemes
First we recall the definition of association schemes. The reader is referred to Ref. [23] , for further information on association schemes. ( Then the number n of the vertices V is called the order of the association scheme and R i is called a relation or associate class.
Let Γ = (V, R) denote a finite, undirected, connected graph, with vertex set V , edge set R, path-length distance function ∂, and diameter d :=max{∂(α, β) : α, β ∈ V }. For all α, β ∈ V and all integer i, we set
an association scheme on V . In any connected graph, if β ∈ Γ i (α), then
Hence in a distance regular graph, p i j1 = 0 (for i = 0, j is not {i − 1, i, i + 1}) and we set 
The Bose-Mesner algebra
Let C denote the field of complex numbers. By Mat V (C) we mean the C-algebra consisting of all matrices whose entries are in C and whose rows and columns are indexed by V . For each
The matrices A i are called the adjacency matrices of the association scheme. We then have A 0 = I(by (2) above) and
A is known as the Bose-Mesner algebra of Y = (V, {R i } 0≤i≤d ).
Then, by using Eq.(2-3) and Bose-Mesner algebra (2-5), for adjacency matrices of distance regular graph Γ, we have
where A i is a polynomial in A 1 of degree i and A Since the matrices A i commute, they can be diagonalized simultaneously (see Marcus and Minc [24] ), that is, there exist a matrix S such that for each A ∈ A, S −1 AS is a diagonal matrix. Therefore A is semisimple and has a second basis E 0 , ..., E d (see [23] ). These are matrices satisfying
The matrix 1 n J (where J is the all-one matrix in A) is a minimal idempotent (idempotent is clear, and minimal follows from the rank(J = 1)). The E i , for (0 ≤ i, j ≤ d) are known as the primitive idempotent of Y . Let P and Q be the matrices relating our two bases for A:
Then clearly
It also follows that 10) which shows that the P ij (resp. Q ij ) is the i-th eigenvalue(resp. the i-th dual eigenvalue ) of A j (resp. E j ) and that the columns of E i are the corresponding eigenvectors. Thus m i = rank(E i ) is the multiplicity of the eigenvalue P ij of A j (provided that P ij = P kj for k = i).
We see that m 0 = 1, i m i = n, and m i =traceE i = n(E i ) jj (indeed, E i has only eigenvalues 0 and 1, so rank(E k ) equals the sum of the eigenvalues). Also, by [25, 26] , the eigenvalues and dual eigenvalues satisfy
where for all integer i (0
ii , and note that k i = 0, since R i is non-empty.
The Terwilliger algebra and its modules
We now recall the dual Bose-Mesner algebra of Y . Given a base vertex α ∈ V , for all integers
Then by combining (2-8) with (2-12) and (2-14) we have
) denote a scheme. Fix any α ∈ V , and write
denote the subalgebra of Mat V (C) generated by A and A ⋆ . We call T the Terwilliger algebra of Y with respect to α.
Thus, we can define quantum decomposition for distance regular graphs by the following lemma:
Lemma (Terwilliger [17] ). Let Γ denote a distance regular graph with diameter d. Fix any vertex α of Γ, and write
where, this is the quantum decomposition of adjacency matrix A such that,
which can be verified easily.
Let W = C V denote the vector space over C consisting of column vectors whose coordinates are indexed by V and whose entries are in C. We observe Mat V (C) which acts on W by left multiplication. We endow W with the Hermitian inner product , which satisfies u, v = u 
Stratification
For α = β let ∂(α, β) be the length of the shortest walk connecting α and β. By definition
The graph becomes a metric space with the distance function ∂.
Note that ∂(α, β) = 1 if and only if α ∼ β. We fix a point o ∈ V as an origin of the graph.
Then, the graph is stratified into a disjoint union of associate classes Γ k (o):
With each associate class Γ k (o) we associate a unit vector in l 2 (V ) defined by
where, |α denotes the eigenket of α-th vertex at the associate class Γ k (o) and
Obviously, the two sites, first and last strata, have the same stratification. The closed subspace of l 2 (V ) spanned by {|φ k } is denoted by Λ(G). Since {|φ k } becomes a complete orthonormal basis of Λ(G), we often write
Let A i be the adjacency matrix of a distance regular graph Γ = (V, R) for vacuum state |0
we have
Also, we have
Then by using unit vectors |φ k (|0 = |o = |φ 0 , with o ∈ V as the fixed origin), and
Eq.(2-26), (2-27) we have
3 Continuous-time quantum walk on graphs with known spectrum
The continuous-time quantum walk is defined by replacing Kolmogorov's equation with Schrö-dinger's equation. Continuous-time quantum walk was introduced by Farhi and Gutmann [5] (see also [8, 30] ). Our treatment, though, follow closely the analysis of Moore and Russell Let |φ(t) be a time-dependent amplitude of the quantum process on graph Γ. The wave evolution of the quantum walk is
where we assumeh = 1, and |φ 0 is the initial amplitude wave function of the particle. we get
This introduces an irrelevant phase factor in the wave evolution. In this paper we consider
where using the algebra of idempotents i.e., Eq.(2-7), the above amplitude of wave function can be written as
Now using Eqs.(2-8), (2-9), (2-24) and (2-28), the matix elements of idempotent operators between eigenstates strata and eigenstates of vertices can be calculated as
Finally multiplying by |β and using (3-38) we get the following expression for the amplitude of observing the particle at vertex β at time t
Obviously the above result indicates that the amplitudes of observing walk on vertices belonging to a given stratum are the same. Actually one can straightforwardly deduce from formula that the transition probabilities between the vertices depend only on the distance between the vertices (kind of relations or association classes), irrespective of which site the walk has started. This is due to the fact that in association schemes the coloring of underlying graphs or the set of relations between vertices determine thoroughly everything. Hence for a continuous-time quantum walk over a graph associated with a given scheme with diameter d,
we have exactly (d + 1) different transition probabilities (i.e., the number of strata or number of distinct eigenvalues of adjacency matrix).
At the end by straightforward calculation, one can evaluate the average probability for finite graphs of association schemes as
for every |β ∈ Γ k (o).
Continuous-time quantum walk on group schemes
In this section we briefly discuss continuous-time quantum walk on group schemes with real and complex representations separately.
Group association schemes
In order to study the continuous-time quantum walk on group graphs, we need to study the group association schemes. One of the most important sources of association schemes are groups. Let G be a group acting on a finite set V . Then G has a natural action on V × V given by g(α, β) = (gα, gβ) for g ∈ G and α, β ∈ V . The orbits
of V × V are called orbitals. The group G is said to act generously transitive when for every pair (α, β) ∈ V ×V there is a group element g ∈ G that exchanges α and β, that is gα = β and gβ = α. When G acts generously transitive, the orbitals form the relations of that association scheme. Now, in the following, we consider the orbitals which correspond to the conjugacy classes of G. Let G be a finite group, C 0 = {e}, C 1 , ..., C d the conjugacy classes of G. Let G×G act on G with the action defined by β(α 1 , α 2 ) = α
One can show that ( 
then R i are the orbitals of G × G and hence X(G) = (G, {R i } 0≤i≤d ) becomes a commutative association scheme and it is called the group association scheme of the finite group G [26] . We
then, for regular representation we haveC i |α = γ∈C i |γα . Therefore in regular representation, the classes sumC i (i = 0, 1, ..., d) have the following matrix elements
Comparing the above matrix elements with those of adjacency matrices given in (2-4), we see that the classes sum are the corresponding adjacency matrices of group association scheme with the relation defined through conjugation. It is well known that the classes sum of finite group G form the basis of center of its CG ring which is certainly a commutative algebra, hence they are closed under multiplication defined in CG, i.e, we havē
(see details in [28] ), where p k ij (i, j, k = 0, 1, ..., d) are intersection numbers of the group association scheme X(G) and have the following form:
where the sum is over all the irreducible characters χ of G [29] . Therefore, the idempotents {E 0 , E 1 , ..., E d } of the group association scheme X(G) are the projection operators of CG-
Thus eigenvalues of adjacency matrices of A k , and idempotents E k , respectively are
where d j = χ j (1). The above defined group scheme is in general non-symmetric scheme and it can be symmetric provided that we choose a group whose whole irreducible representations of chosen group are real, such as symmetric group S N . In appendix A, we have explained how to construct a symmetric group association scheme from a non-symmetric one.
A.Continuous-time walk on group schemes with real representations
In a finite group G with real conjugacy classes C 0 = {e}, C 1 , ..., C d , i.e., C(α) = C(α −1 ) for all α ∈ G, all irreducible characters χ i are real. Thus using (4-43) we can study continuoustime quantum walk on its underlying graph, where the amplitude of observing the particle at stratum k at time t, i.e, Eq.(3-35) reduces to
also, the average probabilities over large times becomes
Therefore, the probability of observing the walk at starting vertex, i.e., the staying probability
As examples we will study continuous-time quantum on G = S n , D 2m graphs in section 6.
B.Continuous-time walk on group schemes with complex representations
In general all conjugacy classes of a given finite group are not real, hence some of its irreducible representations become complex and consequently we encounter with directed undelying graph or non-symmetric association scheme. But following instruction of appendix A we can generate a symmetric association scheme out of non-symmetric association scheme. Thus in this case, for continuous-time quantum walk, we need to use formulas (A-v) and (A-vii) of the appendix A, where the amplitude of observing the particle at stratum k at time t, i.e., Eq.(3-35) is
Also, the average probabilities arē
(4-48)
In this case the staying probability is
As an example we will study G = C n in section 6.
5 Investigation of Continuous-time quantum walk on distance regular graphs via spectral distribution of adjacency matrix
Even though in general modules of Terwilliger algebra stratifies the underling graph of corresponding association scheme but in case of distance regular graphs, due to the existence of raising and lowering operators given by (2-17), we can have a stratification similar to the one introduced in Ref [1] . As we will see in the following this particular kind of stratification leads to introduction of spectral distribution for adjacency matrix.
Here in this case, the strata states |φ k are the same as defined by (2-24) of subsection 2.4, but further using Eqs.(2-6) and (2-18) one can show that, the raising and lowering operators given by (2-17) act over them as follows 
Usually the spectral properties of the adjacency matrix of a graph play an important role in many branches of mathematics and physics and the spectral distribution can be generalized in various ways. In this work, following Ref. [22] , the spectral distribution µ of the adjacency matrix A (where A = A 1 ) is defined as:
where < . > is the mean value with respect to a the ground state |φ 0 , and according to Ref. We may apply the canonical isomorphism from the interacting Fock space (Hilbert space of continuous-time quantum walk starting from a given site, i.e., strata states or more precisely W 0 the irreducible T -module with maximal dimension starting) onto the closed linear span of the orthogonal polynomials determined by the Szegö-Jacobi sequences ({ω k }, {α k }), where for distance-regular graphs, the parameters ω k and α k are defined as
where a k , b k and c k have been introduced in the relations (2-3). More precisely, the spectral distribution µ under question is characterized by orthogonalizing the polynomials {Q n } defined recursively by
for n ≥ 1. If such a spectral distribution is unique (for distance-regular graphs is possible), the spectral distribution µ is determined by the identity:
where G µ (x) is called the Stieltjes transform and B l is the coefficient in the Gauss quadrature formula corresponding to the roots x l of the polynomial Q n (x) and where the polynomials
n } are defined recursively as
n (x) = Q
(1)
for n ≥ 1.
Now if G µ (x) is known, then the spectral distribution µ can be recovered from G µ (x) by means of the Stieltjes inversion formula:
Substituting the right hand side of (5-56) in (5-57), the spectral distribution can be determined in terms of x l , l = 1, 2, ..., the roots of the polynomial Q n (x), and Guass quadrature constant
(for more details see Refs. [36, 38, 39, 40] .)
Finally, using the relations(2-28) and orthogonal polynomial P n (x), where they satisfy the recursion relations (2-6) and (5-55), the other matrix elements φ k |A m | φ 0 can be written as
Our main goal in this paper is the evaluation of amplitude for continuous-time quantum walk by using Eq.(5-59) such that we have
where φ k |φ 0 (t) is the amplitude of observing the particle at level k at time t. The conservation of probability k=0 | φ k |φ 0 (t) | 2 = 1 follows immediately from Eq.(5-60) by using the completeness relation of orthogonal polynomials P n (x). Obviously evaluation of φ k |φ 0 (t) leads to the determination of the amplitudes at sites belonging to the associate scheme (stratum) Γ k (o). As proved in the appendix B, the walk has the same amplitude at all sites belonging to the same associated class ( stratum). Also, for the finite graphs, the formula (5-60) yields
where by straightforward calculation one can evaluate the average probabilities for the finite graphs which yieldsP
(5-62)
Examples
Here in subsection 6.1 we study continuous-time quantum walk on graphs with known spectrum.
Complete graph K n
A complete graph with n vertices (denoted by K n ) is a graph with n vertices in which each vertex is connected to the others (with one edge between each pair of vertices). A complete graph is the trivial association scheme, with the intersection numbers
It is straightforward to show that its adjacency matrix A has egivenvalues 1 and −1 with and using Eq.(3-35) we have
for β = 0.
(6-65) Finally using Eq.(3-36) we get the following expressions for the average probabilities
(6-66)
Symmetric group S n
The symmetric group S n is ambivalent in the sense that C(α) = C(α −1 ) for all α ∈ S n , therefore its conjugacy classes form a symmetric association scheme (see Fig.2 ).
For group S n , conjugacy classes are determined by the cycle structures of elements when they are expressed in the usual cycle notation. The useful notation for describing the cycle structure is the cycle type [ν 1 , ν 2 , ..., ν n ] , which is the listing of number of cycles of each length (i.e, ν 1 is the number of one cycles, ν 2 is that of two cycles and so on). Thus, the number of elements in a conjugacy class or stratum is given by
On the other hand a partition λ of n is a sequence (λ 1 , ..., λ n ) where λ 1 ≥ · · · ≥ λ n and λ 1 + · · · + λ n = n, where in terms of cycle types
. . .
The notation λ ⊢ n indicates that λ is a partition of n. There is one conjugacy class for each partition λ ⊢ n in S n , which consists of those permutations having cycle structure described by λ. We denote by C λ the conjugacy class of S n consisting of all permutations having cycle structure described by λ. Therefore the number of conjugacy classes of S n , namely diameter of its scheme is equal to the number of partitions of n, which grows approximately by
We consider the case where the generating set consists of the set of all transposition, i.e,
. For the characters at the transposition, it is known that [31] 
Here, λ ′ is the partition generated by transposing the Young diagram of λ, while λ ′ j and λ j are the j-th components of the partitions λ ′ and λ, and ρ λ is the irreducible representation corresponding to partition λ.
Then the eigenvalues of its adjacency matrix can be written as
Therefore by using Eqs.(4-44) and (6-70), one can obtain the amplitudes on symmetric groups.
As an example we obtain amplitude for associate class of conjugacy class of n-cycles, as
where the results thus obtained are in agreement with those of Ref [32] .
In the above calculation, we have used the following results for the characters of the n-cycles
Dihedral group D 2m
The dihedral group G = D 2m is semi-direct product of cyclic groups Z m and Z 2 with corresponding generators a and b. Hence it is generated by generators a and b with following relations:
In finding its conjugacy classes, it is convenient to consider whether m is odd or even.
Hence, we will study continuous-time quantum walk on dihedral group for odd and even m, separately.
1. m=odd the dihedral group D 2m has precisely 1 2 (m + 1) conjugacy classes:
( for more details see Ref. [28] ).
By using Eqs.(4-43) and (3-35) we obtain the following amplitudes
(6-74)
Uusing Eq.(3-36) we obtain the following average transition probabilities to strata k at time t
75)
1. m=even the dihedral group D 2m (m = 2l) has precisely l + 3 conjugacy classes:
( for more details see Ref. [28] ). Since we will restrict our attention to C 1 generate group, therefore we consider conjugacy classes as
In this case, calculation of amplitudes and probabilities is similar to that of dihedral groups with odd m.
Cycle graph C n
A cycle graph or cycle is a graph that consists of some number of vertices connected in a closed chain. The cycle graph with n vertices is denoted by C n , where its graphical representation cyclic group Z n = α , whit α n = 1. In this case, we consider the orbitals to correspond to the conjugacy classes of cyclic group. Also, we giveC = C(α) ∪ C(α −1 ) for all α ∈ Z n , therefore the relations R i form a symmetric association scheme with d classes on C n (called the conjugacy scheme of C n ). Let ω j = e 2πij/n for j = 0, 1, ..., n − 1. Using the properties of characters of cyclic group, and Eq.(A-iv) and (A-v), we obtaiñ
Therefore by using Eq.(3-35), for strata k we have
where the results thus obtained are in agreement with those of Ref. [1, 33] . Thus, one can evaluate the average probability of staying at origin for large time as follows Eq.(4-49) and using Eq.(3-36) we get the following probabilities of transition to stratum k
Where here we have considered odd, n, and calculation for even n is similar to that of cycle graph with the odd one.
In the remaining the part of paper we will consider the examples of continuous-time quantum walk which can be investigated via spectral distributions of their corresponding adjacency matrices.
Strongly regular graphs
A graph (simple, undirected and loopless) of order n is strongly regular with parameters n, κ, λ, η whenever it is not complete or edgeless and (i) each vertex is adjacent to κ vertices,
(ii) for each pair of adjacent vertices there are λ vertices adjacent to both, (iii) for each pair of non-adjacent vertices there are η vertices adjacent to both.
For strongly regular graph, the intersection numbers are given by
By using formula (5-58) one can straightforwardly get the following spectral distribution
where, we obtain x i and B i for i = 1, 2, 3 respectively as
84)
,
Again using Eq.(5-60) one can obtain the amplitudes for quantum walk at strata k and time
t.
For example we study continuous-time quantum walk on the following graphs.
Petersen graph
Petersen graph is strongly regular graph with parameters (n, κ, λ, η) = (10, 3, 0, 1) (see Fig.3 ).
The intersection numbers and spectral distribution are
Therefore, the amplitudes for walk at time t are
Normal subgroup graphs
Let G be a finite group, and P = {P 0 , P 1 , ..., P d } be a blueprint of it. We always assume that the sets P i are so numbered that the identity element e of G belongs to P 0 . If P 0 = {e}, then P is called homogeneous. Let {R 0 , R 1 , ..., R d } be the set of relations R i = {(α, β) ∈ G ⊗ G|α −1 β ∈ P i } on G. Now, we define a blueprint for group G which form a strongly regular graph. If H is a subgroup of G, we define the blueprints by
This blueprint form a strongly regular graph with parameters (n, κ, λ, η) = (|G|, |G|−|H|, |G|− 2|H|, |G| − |H|).
As an example, we consider G = D 2m :
1. m=odd in this case the subgroup is defined as
Therefore the blueprints are given by 
Also using Eq.(5-62) we evaluate the average probabilities as
for k = 1
(6-93)
2. m=even we consider m = 2l and define subgroup as
Therefore the blueprints are given by which are strongly regular graphs with parameters (2m, m, 0, m). In this case, the calculation is similar to that of dihedral groups with m, odd.
Cycle graph C n spectral distribution
A cycle graph or cycle has already been defined in the subsection 6.1. The cycle graph C n is the distance regular graph, and quantum walk on them turns out to be different for odd and even n, hence, below we treat them separately.
Odd n. For odd n = 2d + 1, the diameter of graph C 2d+1 is d also the intersection numbers as
In this case, the adjacency matrices are given by
where S is the shift operator S 2d+1 = 1. Now by using the Bose-Mesner algebra of distanceregular graph for adjacency matrices (2-6), we obtain
where T l is Tchebichef polynomials of first kind. Also, Eq.(6-98) and Eq.(2-6) for i = d we have
The canonical isomorphism from the interacting Fock space onto the closed linear span of the orthogonal polynomials maps states |φ l into orthogonal polynomials P l (x) = 2T l (x/2).
It is straightforward to show that the spectral distribution Eq.(5-58) as
) are the roots of Eq.(6-99). Therefore, the amplitudes for observing the walk at time t and kth associated class is
e −it cos 2lπ/(2d+1) cos(2klπ/(2d + 1))), where the results thus obtained are in agreement with those of Refs. [1, 33] .
Even n. For even n = 2d, the diameter of graph C 2d is d and the intersection numbers are
In this case, its calculation is similar to that of cycle graph with n, odd.
In the limit of large n, the cycle graph C n is the same as the infinite line graph, with the intersection numbers
Then the orthogonal polynomials are P l (x) = 2T l (x/2) and the spectral distribution µ is A. for p = 1, we have Laguerre polynomials L n (x) with the following recurrence formula:
By using the fact that the Laguerre polynomials are orthogonal polynomials with respect to the spectral distribution e −x dx and following paper [1] we obtain the following amplitudes
B. for 0 ≤ p ≤ 1, by modifying the Meixner polynomials M n (x), we have the recurrence formula:
Hence by using the fact that the Meixner polynomials are orthogonal polynomials with respect to the spectral distribution ∞ k=0
) and Eq.(5-60) one can obtain the amplitudes. As an example, we obtain the amplitude at the origin at time t as
Product of association schemes
In this section, we recall some basic facts about the symmetric product of trivial schemes. (see [37] for more details.) This product is important not only as a means of constructing new association schemes from the old ones, but also for describing the structure of certain schemes in term of particular sub-schemes or schemes whose structure may already be known. Then using Eq.(3-35) and (5-60), we can evaluate amplitudes of continuous-time quantum walk on new association schemes. The symmetric product of d-tuples of trivial scheme K n with adjacency matrices of I n , J n − I n is association scheme with the following adjacency matrices ( generators of its Bose-Mesner algebra)
where J n is n × n matrix with all matrix elements equal to one. This scheme is the well known
Hamming scheme with intersection number
where its underlying graph is the cartesian product of d-tuples of cyclic group Z n . Following
Ref. [1] , the amplitudes of walk and the spectral distribution in the symmetric product of graphs can be obtained in terms of sub-graphs. Finally we obtain the following expression for the amplitude at origin and spectral distribution
respectively.
Also one can show that its idempotents {E 0 , E 1 , ..., E d } are symmetric product of d-tuples of corresponding idempotents of trivial schemes K n . That is, we have
. .
Therefore, for the eigenvalues P ij , and dual ones Q ij we get
where K k (x) is the Krawtchouk polynomials defined as
and
. Then by using Eq.(2-10) we obtain the amplitude as
Conclusion
Continuous-time quantum walk on underlying graphs of the association schemes have been studied by using the irreducible modules of Bose-Mesner and Terwilliger algebras connected with them, where the irreducible modules of Terwilliger algebra and dual eigenvalues of association schemes play an important role. Also Continuous-time quantum walk on distance and strongly regular graphs are investigated by using the spectral distribution associated to irreducible representation of associated Terwilliger algebras. Although the powerful method of spectral distribution associated to irreducible representation of Terwilliger algebra seems to work for continuous-time quantum walk on distance regular graphs, we expect that one can further develop it for some non-distance regular graphs of association schemes and discretetime quantum walk on graphs of association schemes. These are under investigation. Also, it seems that using this formalism one can study the continuous-time and discrete-time quantum walk on some graphs which lack association scheme structure, but they have the same staratification structure as those of scheme graphs, provided that quantum walk starts from a distinguished site (see Ref. [1] ).
Appendix A
In this appendix, we study the method of symmetrization of group schemes of non-symmetric one. If we have α ∈ C i but α −1 is not in C i , then the association scheme is non-symmetric.
In order to construct a symmetric group scheme from a give non-symmetric one, we need to define the following classes sum , are complex.
One can show that the above defined classes sum yield the following relations among themselves
χ ν (α i )χ ν (α j )(χ ν (α r ) + χ ν (α r )) χ ν (1)C r )
for i, j = 0, 1, ..., l,C
χ ν (α i )(χ ν (α j ) + χ ν (α j ))(χ ν (α r ) + χ ν (α r )) χ ν (1)C r )
for i = 0, 1, ..., l and j = l + 1, ...,
In fact, eigenvalues(dual eigenvalues) are sum of real and non-real contributions.
In section 5, using the above prescription we have studied the continuous-time quantum walk on cyclic groups.
Appendix B
In this appendix we prove the following lemma in connection with the equality of continuoustime quantum walk amplitudes on the vertices belonging to the same associated class.
Lemma 1. Let q ik (t) denote the amplitude of observing the continuous-time quantum walk at vertex i ∈ Γ k (α) at time t. Then for a class of distance-regular graphs, the amplitude q ik is the same for all vertices of associated class k, for all t.
Proof.
As the distance-regular graphs form an association scheme, therefore they have corresponding 
